An analytical framework based on the homogenization method has been developed to predict the effective electromechanical properties of periodic, particulate and porous, piezoelectric composites with anisotropic constituents. Expressions are provided for the effective moduli tensors of n-phase composites based on the respective strain and electric field concentration tensors. By taking into account the shape and distribution of the inclusion and by invoking a simple numerical procedure, solutions for the electromechanical properties of a general anisotropic inclusion in an anisotropic matrix are obtained. While analytical forms are provided for predicting the electroelastic moduli of composites with spherical and cylindrical inclusions, numerical evaluation of integrals over the composite microstructure is required in order to obtain the corresponding expressions for a general ellipsoidal particle in a piezoelectric matrix. The electroelastic moduli of piezoelectric composites predicted by the analytical model developed in the present study demonstrate excellent agreement with results obtained from three-dimensional finite-element models for several piezoelectric systems that exhibit varying degrees of elastic anisotropy.
Introduction
Piezoelectric materials with their unique electromechanical coupling characteristics have been researched extensively for several decades. Limitations of monolithic piezoelectric materials (e.g., environmental concerns of lead-based systems and/or brittleness) have led to the recent research on alternate piezoelectric materials and composite piezoelectric materials. It has been demonstrated that the composite approach (i.e., the additive approach to create two phase composites or the subtractive approach to create porous piezoelectrics) can be invoked successfully to tailor the overall elastic, piezoelectric and dielectric properties of piezoelectric materials.
A combination of analytical modeling, numerical modeling and experiments (Xu et al., 2005; Haun and Newnham, 1986) have been invoked to understand the properties of several classes of piezoelectric composite materials. Most of the analytical models that have been developed for predicting the properties of piezoelectric composites invoke one of the following three approaches: (i) simple mechanics/micromechanics approach; (ii) Eshelby-type approach for ellipsoidal inclusions in a piezoelectric matrix; and (iii) homogenization-based approach for periodic composites.
The earliest micromechanics-based models that were developed to explain the behaviour of piezoelectric composites were based on the ''series'' -''parallel'' type formulation (Hashimoto and Yamaguchi, 1986 ) of Banno (1987) which provided a good approximation for the electromechanical behavior of 2-2 type layered composites. The next attempt to characterize the behaviour piezoelectric composites was made by Levassort et al. (1997 Levassort et al. ( , 1998 Levassort et al. ( , 1999 where they extended the matrix method of Hashimoto to solve for the effective electromechanical properties of 1-3, 0-3, and 3-3 type piezoelectric composites. However, the models they developed were quite simplistic and provided good estimates for a limited number of geometric configurations of inclusions embedded in a piezoelectric matrix. Topolov and Bowen provided a model to predict the behaviour of 0-3 type porous piezoelectric composites and 3-3 type piezoelectric composites (Bowen and Topolov, 2003) . Kar-Gupta and Venkatesh also developed simple micromechanics models to predict the electromechanical properties of 1-3 type long-fiber piezoelectric composites (Kar-Gupta and Venkatesh, 2007) and 2-2 type layered composites with anisotropic constituents as well (Kar-Gupta and Venkatesh, 2013) .
Amongst the models that were developed following the Eshelby-type approach, early work was focused on extending the Eshelby's solution (Eshelby, 1957) for anisotropic piezoelectric inclusions in the elastic domain (Hill, 1961; Walpole, 1967; Kinoshita and Mura, 1971; Walpole, 1977) . However, a closedform solution for the components of the Eshelby tensor was not obtained. Consequently, a numerical scheme was employed to solve for the components of the Eshelby tensor for an anisotropic system (Gavazzi and Lagoudas, 1990) . Prior work done by Deeg (1980) and Wang (1992) was extended by Dunn and Taya (1993a) to obtain a solution for the piezoelectric inclusion problem. An alternate solution to the inclusion problem was presented by Benveniste (1992) and Chen (1993) who extended the generalized solution of Hill and Walpole. Dunn and Taya (1993a) , Benveniste (1992) and Chen (1993) obtained the four tensors that comprise the equivalent of the Eshelby tensor in the piezoelectric domain. However, they did not provide explicit closed-form expressions for them. Dunn and Wienecke (1997) and Dunn and Taya (1993b) gave the explicit forms for the equivalent Eshelby tensor in terms of a surface integral over a unit sphere, which had to be evaluated numerically. Mikata (2001) derived explicit solutions for the components of the Eshelby tensor by solving a special bi-cubic equation (Mikata, 2000) which was specialized for the case of spheroidal inclusions.
Several analytical models that predict the electromechanical properties of piezoelectric composites by invoking homogenization techniques have also been developed. Challagulla and Venkatesh (2009) formulated an asymptotic homogenization method to obtain the complete electromechanical properties of 2-2 type layered composites with anisotropic constituents. They studied two classes of layered piezoelectric composites (i.e., longitudinally layered and transversely layered) to obtain the effective properties in the limits of both large-volume (i.e., bulk) and small-volume (i.e., thin-film) systems. An extension of the asymptotic homogenization method to obtain the properties of 1-3 type long-fiber piezoelectric composites with transversely isotropic constituents was presented in the works of Bravo-Castillero et al. (2001) . Luciano (1996, 1997) provided variational bounds to estimate the homogenized properties of piezoelectric composites as well. Hori and Nemat-Nasser (1998) have obtained Hashin-Shtrikman type exact bounds for electroactive composites. The bounds presented by them are general and apply to non-linear constituent phases although exact solutions are not provided for the fully anisotropic matrix-particle material property tensors.
Finite-element based models were developed by Pettermann and Suresh (2000) and Berger et al. (2005) , to predict the behaviour of piezoelectric composites with long fibers (1-3 type). Kar-Gupta and Venkatesh developed three-dimensional finite element models to predict the effective electromechanical response of particulate, short-fiber, long-fiber, layered, and interpenetrating networked (additive) composites with anisotropic constituents. Kar-Gupta and Venkatesh also invoked finite element models to study the behavior of (3-1 type) 'longitudinally porous' and 'transversely porous' piezoelectric materials and demonstrated that the shape of porosity and the distribution of porosity had a significant influence on the piezoelectric figures of merit in 'transversely' porous piezoelectric systems. Marcheselli and Venkatesh (2008) invoked finite element models to predict the effective properties of piezoelectric materials embedded with hollow fibers. Iyer and Venkatesh (2010) developed three-dimensional finite element models to examine the effects of porosity connectivity and porosity shape on the effective electromechanical response of porous piezoelectric materials and demonstrated that piezoelectric materials with 3-0 type closed pores with smaller aspect ratios exhibited significantly enhanced figures of merit as compared to materials with 3-1 type open pores. Furthermore, Challagulla and Venkatesh (2012) have developed finite element models to predict the properties of piezoelectric foam structures with 3-3 type open porosity as well.
A summary of the existing analytical and numerical models developed to study the effective response of periodic piezoelectric composites is presented in Table 1 .
In summary, several analytical models have been developed to predict the fundamental properties of select classes of piezoelectric composite materials such as those that exhibit transverse isotropy. Table 1 A summary of the analytical and numerical models developed to predict the electromechanical response of three types of piezoelectric composites.
Existing models developed to predict the effective properties of piezoelectric composites.
Particulate composites Long-fiber composites Laminate-composites
Analytical models Transversely isotropic
Dunn and Taya (Dunn and Taya, 1993a) Dunn and Taya (Dunn and Taya, 1993b) Furthermore, finite element based numerical models have been developed to predict the electromechanical properties of piezoelectric composites with anisotropic constituents. (A list of piezoelectric materials that exhibit varying degrees of elastic and piezoelectric anisotropy is presented in Table 2 ). However, an analytical model that provides explicit closed-form solutions to the most general problem of a piezoelectric composite with anisotropic particulate constituents is not yet available. Hence, the objectives of the present study are: (i) To develop an analytical framework for predicting the complete elastic, dielectric and piezoelectric properties of piezoelectric composites with anisotropic constituents; (ii) To validate the analytical model with a finite element model for a range of piezoelectric composites that exhibit varying degrees of elastic anisotropy and piezoelectric activity.
In the present study, the homogenization method introduced by Michel et al. (1999) is invoked to predict the electromechanical properties of piezoelectric composites with anisotropic constituents. This method has been successfully used to predict the homogenized properties of fiber-reinforced elastomers with periodic microstructures by Brun et al. (2007) .
The present work is outlined as follows, Section 2 presents the mathematical formulation of the piezoelectric problem, the constitutive equations, and the periodic fields. Section 3 highlights the concepts that have been invoked to solve the equilibrium equations with the approximation of piece-wise constant polarization fields that are introduced to simplify the equations for the strain and the electric field and expressions for the effective electromechanical properties are provided in terms of the concentrations tensors. The details of the three-dimensional finite-element model invoked in the present study to predict the effective properties of periodic piezoelectric composites, are provided in Section 4. The results of the analytical model developed in the present study are compared to those of the finite element model for four piezoelectric composite systems that exhibit varying degrees of anisotropy in Section 5. Key conclusions from the present study are presented in Section 6.
Preliminaries on piezoelectric composites with periodic microstructure
Consider an infinitely large composite made up of aligned long cylindrical fibers/pores distributed periodically in a piezoelectric matrix phase (Fig. 1) . It is assumed here when discussing 'effective properties' that there is a separation of length-scales within the problem. The local or microscopic scale is one where the heterogeneities can be identified separately. The macroscopic or overall scale is one where the heterogeneities can be 'averaged-out'. A given sample of this material is assumed to occupy a volume X, with boundary @X. The effective properties at the macroscopic scale are determined using geometric and material data of an appropriate representative volume element or unit cell. The infinitely large composite can be generated by adding contiguously the unit cell in all three directions.
In the remainder of the paper, symbolic and Einstein index notation is used to represent field variables (scalars, vectors, and tensors). In symbolic notation, a vector or tensor is represented by a bold face letter. In index notation, partial differentiation is denoted by a 'comma', e.g., the divergence of stress using symbolic and indicial notation would be given, respectively, by, $ Á r ¼ r ij;j where repeating indices imply a summation.
A material point within the given specimen is denoted by x (at the microscopic level). The infinitesimal strain tensor, e, at x for a displacement field, u and the electric field, E, in terms of a scalar electric potential / are defined as:
The constitutive behaviour of the matrix and the cylindrical fibers is assumed to be linear elastic and characterized by the stored-energy functions, W (Nitsche, 1965; Bengisu, 2001 Degree of elastic anisotropy: ⁄ -Cubic; + -Transversely isotropic; $ -Orthotropic; # -Anisotropic. and defined over the set of all kinematically admissible strain and electric fields given by K and J , such that:
In all the expressions presented above, the triangular brackets hÁi and hÁi ðrÞ denote, respectively, the volume averages over the specimen, (X), and the phase r (X ðrÞ ). The scalars, c ð1Þ and c ð2Þ denote the volume fractions of the two constituent phases of the periodic composite. It is also important to note that the average electroelastic energy, f W , stored in the fiber-reinforced composite when subjected to an affine strain and electric field (Hill-type boundary data (Hill, 1963) ) is consistent with the condition hei ¼ e and hEi ¼ E. The following is the equivalent statement of Hill's lemma for the case of piezoelectric constituent phases,
From the arguments presented above we can then say that the macroscopic constitutive behaviour for composite can then be expressed by: 
Suquet estimates for linear piezoelectric constituents
Based on the framework presented in the previous section, the main objective of the current study is to provide explicit homogenization estimates for the electromechanical properties of a periodic distribution of particulate inclusions/exclusions of arbitrary geometrical shape in a general piezoelectric matrix phase of anisotropic material symmetry. This is accomplished by extending Suquet's homogenization estimates (Michel et al., 1999) to the domain of periodic piezoelectric composites. This method has already been applied to elastic materials and provides good estimates for the effective properties of composite materials with periodic microstructure. This section outlines the basic framework of how the Suquet estimates have been used to derive estimates for effective electromechanical constants. Making use of the results provided by Suquet for two-phase composites with periodic microstructure ( Fig. 2) , an estimate for the overall stored-energy function, f W , is provided using the volume fraction of the fibres, c ð2Þ , with stored-energy function, W ð2Þ , distributed periodically in a piezoelectric matrix with stored-energy function, W
The linear constitutive equations can be derived from (3) and are written as:
The above relations (10) and (11) characterize the complete electromechanical response of a piezoelectric composite. The tensors, L; e, and j, respectively, denote the fourth-rank elastic modulus tensor with major and minor symmetry, the piezoelectric constant tensor with minor symmetry in i and j, and the dielectric constants tensor with major symmetry. Latin indices have been employed in the derivation of the present model with all indices ranging from 1 to 3. The piezoelectric composite has to satisfy the following equilibrium equations:
which, respectively, ensure mechanical equilibrium and the absence of free charge. In addition to the equilibrium equation, the jump conditions for stress and electric displacement across the boundary interface @X, given by: ½r Á n ¼ 0 and ½D Á n ¼ 0, on the opposite sides of @X must be satisfied. Substituting the constitutive Eqs. (10) and (11) for stress and electric displacement into Eq. (12) and using the definition for infinitesimal strain and electric field, the equilibrium and chargefree condition can be written in terms of the material property tensors as, ½L ijkl ðxÞe kl ;j þ ½e kij ðxÞ/ ;k ;j ¼ 0 ð13Þ
Note the argument x in the above equations denotes the dependence of the fundamental material constants on the position vector in the representative volume element. At this point it is useful to introduce a homogeneous reference medium with constant properties (L denote the coupling of the piezoelectric constant in Eqs. (13) and (14) with the electric field and strain, respectively. 
The local problem for the displacement and electric potential can be split into its overall and periodic parts such that
where the quantities with superscript ðÁÞ 0 and ðÁÞ Ã denote the average and periodic components of the overall fields, respectively. Here, we have used the periodicity of the micro-structure in order to be able to re-write the equilibrium equations for the stress and electric displacement as a super-position of the two strain states, the periodic strain at the microscopic level and the overall strain at the boundary of the infinite medium. It is important to note that the volume average of the periodic strain and electric field is zero, i.e., the periodic strain and electric field are anti-symmetric across the boundaries of the representative volume element (RVE) (Michel et al., 1999) . Re-writing the stress equilibrium equation by decomposing the overall strain and electric field, we note that the far-field strain and electric field (which are constants) satisfy the following equation, 
The solution for the periodic strain and electric field are outlined in the following sub-section.
Periodic Green's operators
To simplify the above equations we introduce, respectively, the 
Eqs. (15) and (16) should be solved for the periodic strain and electric field such that the stress equilibrium and Maxwell's equation for a representative volume element are satisfied. The divergence of the stress and electric displacement in the form given by Eqs. (15) and (16) can be solved for the strain and electric field by taking the Fourier transform and solving for the periodic Green's operators (Michel et al., 2001; Brun et al., 2007; Bonnet, 2007) . Note that the method of Fourier transform to pass the above equations to Fourier space is made possible by the introduction of the reference medium with constant electromechanical properties. Substituting Eqs. (18) and(19) using the newly defined polarizations fields s and t in Eqs. (15) and (16) give the following relations (in Fourier space):
where the terms K, q, and p are given by,
kij n j n k and p ¼ j
ik n i n k , the explicit forms of which have been given for a periodic square, hexagonal and cubic distribution of fibers/pores in Appendix C. The Eqs. (20) and (21) can then be used to solve for the components of the periodic displacement and electric potential in Fourier space which are given by:
where K and N represent the acoustic tensor of the homogeneous reference medium and its inverse, respectively. The ðb ÁÞ denotes the Fourier transform of the corresponding field within the parenthesis (for e.g., b u is the Fourier transform of displacement). To solve for the periodic strains and electric fields in the Fourier space we take the gradients of the displacement and electric potential. The final expressions for strain and electric field are in the form of the periodic Lippmann-Schwinger integral equation (in Fourier space) (Michel et al., 2001) given by:
The above equations can be further simplified by identifying the 3 period Green's operators associated with the elastic, piezoelectric, and dielectric constants, respectively. The expressions for the Green's operators are given by:
Equations for strain and electric field
The periodic strains derived in the previous section can be combined with the applied strain, e 0 , on the boundary of the unit cell assemblage to yield an expression for the overall strain in the unit cell. The equations for the gradient of displacement and the electric field in the unit cell are given by:
and
The polarizations in the stress and electric field are constant in the phase (matrix/particle) but are overall non-homogeneous in the representative volume element. When solving the above set of equations it is common to assume piece-wise constant polarization fields. This provides a good approximation when computing the overall properties of the periodic piezoelectric composite and gives us bounds for the electromechanical properties as shall be seen with the comparisons with finite-element analysis results. For constant polarization fields it can be shown the bounds obtained are those of Voigt and Reuss depending on the chosen field, i.e., by assuming constant strain we obtain Voigt bounds and by assuming constant stress polarization we obtain Reuss bounds. 
We can determine the average strains in the particle phase by substituting the above defined equations for polarizations in stress and electric displacement in Eqs. (29) and (30) 
;m Þ ð36Þ
The superscript 's' implies that the tensor has been symmetrized in order to obtain the symmetric part of the gradient of displacement. The symmetrization is carried out as follows, H
We define the three microstructural tensors, P; Q ; and R, the components of which depend on the fundamental property tensors of the matrix (elastic, piezoelectric and dielectric), the shape of the inclusion/exclusion as well as its distribution in the matrix phase. From the above Eqs. (35) and (36) 
Following are the equations for the effective elastic, piezoelectric and dielectric moduli for a general n-phase composite. The expressions for the effective moduli tensors for a two-phase composite can be found in the Appendix A of this paper. The above defined microstructural tensors are also termed as the equivalent Eshelby tensors for a periodic piezoelectric composite. The overall effective electromechanical material constants can be derived from the average strain and electric fields and are given by, 
where A and B are the strain concentration tensors and a and b are the electric field concentration tensors. The explicit forms of the concentration tensors are presented in Appendix A.
Calculating the vectors in Fourier space
To calculate the properties of the effective electromechanical tensors, e L; e e, and b j, we need to evaluate the equivalent vectors in Fourier space describing the microstructure of the given unit cell configuration. In the equations used to compute the microstructural tensors P; Q , and R (see Appendix B), we define the Fourier vectors in the reciprocal lattice as,
Here, the base vectors Y i (i ¼ 1; 2; 3) characterize the periodic distribution of the fibers in the real space (i.e., in R 
where, the rectangular Cartesian basis fe i g denotes the frame of reference in the real space, d 3 ! 1; d 1 , and d 2 , serving to describe the in-plane distribution of the long cylindrical pores, as depicted by Fig. 4(a) . For the case of the spherical pores in a cubic distribution, we have
which describes the distribution of the pores in the three Cartesian coordinates (see Fig. 3 ). The specialization of expressions (47) and (48) to the case of square distribution of cylindrical pores, hexagonal distribution of cylindrical pores and cubic distribution of spherical pores is provided in Appendix B.
4. Three-dimensional finite-element model for predicting the fundamental properties and figures of merit of piezoelectric composite materials
Aspects of the three-dimensional finite-element model
A unit cell based three-dimensional finite element model is invoked in the present study where in the complete electromechanical response of an infinitely large periodic piezoelectric composite material is captured by characterizing the electromechanical behaviour of a unit cell. Since the unit cell is designed to capture the response of the entire composite material certain boundary conditions must be enforced to make sure that the deformation and electric potential of a unit cell are compatible across its boundaries with the adjacent unit cells . In the present study, two types of three-dimensional unit cells were constructed in order to characterize the electromechanical response of piezoelectric materials with long cylindrical pores (1-3 type) and with closed spherical pores (3-0 type). In order to maintain the periodicity of the electromechanical loading across the boundary of the unit cell the following boundary conditions are imposed:
ðiÞ Periodicity in the 1-direction is given by :
ðiiÞ Periodicity in the 2-direction is given by :
ðiiiÞ Periodicity in the 3-direction is given by :
By subjecting a particular unit cell to a set of controlled mechanical and electrical loading conditions and characterizing its response, all 45 material constants of a piezoelectric composite can be determined. The main feature of this three-dimensional finite-element model is that both types of unit cells are subject to a common set of electrical and mechanical loading conditions in order to determine the components of the electroelastic moduli of a given composite.
The finite-element analysis for the unit cell is carried out using commercially available software (ABAQUS). Eight-node linear piezoelectric brick (C3D8E) elements are used to mesh the unit cell. Each node is allowed a total of four degrees of freedom (i.e., 1, 2, 3) and one electric potential degree of freedom (i.e., 9). The nodes located on the vertices of the unit cell, AðAAÞ; BðBBÞ; CðCCÞ; DðDDÞ, are designated as master nodes, and P refers to all the four degrees of freedom (i.e., P ¼ 1; 2; 3; 9). The constraint equations are such that they allow the master nodes to control the overall behaviour of the unit cell. All loads (mechanical and electrical) are applied to the master nodes only. The master node A is fixed and electrically grounded for all simulations to prevent rigid body motion (P A ¼ 0 for P ¼ 1; 2; 3; 9).
A detailed description of the constraint equations and the method used to determine all 45 (21 elastic, 15 piezoelectric, and 6 dielectric) independent electroelastic constants has been given in the Appendix of Ref. . Details of the finite element mesh created for modeling a piezoelectric material with spherical porosity are presented in Fig. 5 
Piezoelectric figures of merit
In order to assess the performance characteristics of devices made from piezoelectric composites, several figures of merit are generally identified. In order to assess the suitability of porous pie- zoelectric materials for applications such as in hydrophones, the following four figures of merit are typically considered: the piezoelectric coupling constant (k t ), the acoustic impedance (Z), the piezoelectric charge coefficient (d h ), and the hydrostatic figure of merit (d h Á g h ).
In the following subsections, the Voigt contracted notation is used to express the four figures of merit identified in the present study. According to this notation the indices, 11
Piezoelectric coupling constant
The thickness-mode piezoelectric coupling constant,
q (in the longitudinal extension mode) describes the efficiency of conversion between the electrical and mechanical energy by the piezoelectric material. The ratio of the stored converted energy of one kind (mechanical or electrical) to the input energy of the second kind (electrical or mechanical) is defined as the square of the coupling coefficient. Materials with larger coupling constants (1) are typically more desired.
Acoustic impedance
The acoustic impedance (Z) given by Z ¼ ffiffiffiffiffiffiffiffiffiffi ffi C D 33, represents the overall acoustic load at the interface between the hydrophone/ device and the environment, where q is the effective density of the material. Good impedance matching between the device and the surrounding media is essential to enhance the performance of the hydrophone. Since porous piezoelectric materials have lower densities than pore-free materials they are targeted for use in hydrophone applications. The effective density is calculated using the formula, q ¼ c 
Hydrostatic strain coefficient
The hydrostatic (or piezoelectric) strain coefficient,
, is the measure of the effective strength of electromechanical coupling in a piezoelectric material. It is especially important in the conversion of mechanical loads (under hydrostatic loading) to electrical signals (in a given direction, e.g., 3). It describes the polarization that results from a change in hydrostatic stress. To enhance the sensitivity of the hydrophone to the detection of sound, a large value for the piezoelectric charge coefficient is desired. The piezoelectric strain coefficient (d) can be evaluated from the piezoelectric stress coefficient (e) as, d ijk ¼ e imn S E mnjk , where S E is the elastic compliance tensor.
Hydrostatic figure of merit
The hydrostatic figure of merit, d h Á g h defines the hydrophones' sensing and actuating capability. The sensitivity of a hydrophone depends primarily on the voltage that is produced by a hydrostatic pressure wave. The hydrostatic voltage coefficient, g h , relates the electric field across a transducer to the applied hydrostatic stress, and is therefore an important parameter for evaluating piezoelectric materials for use in hydrophones. The g h coefficient is related to the d h coefficient by the permittivity constant (j 33 ) as g h ¼ d h =j 33 . Porous piezoelectric materials usually demonstrate higher values for the hydrostatic figure of merit than fully dense monolithic piezoelectric materials or pore-free piezo-ceramic composites.
The results obtained from the analytical model and their relationship to the results obtained from the finite element models are discussed in the following Section 5.
Results and discussion
The analytical model developed in the present study is invoked to predict the complete set of elastic, dielectric and piezoelectric properties of two solid (3-1 type) fiber composite systems and three porous ((3-0 type) and (3-1 type)) piezoelectric material systems (that exhibit varying degrees of anisotropy) over a wide range of volume fractions. The predictions of the analytical model developed in the present study are compared to that of an analytical model developed earlier for piezoelectric composites with transversely isotropic constituents and a three-dimensional finite element model developed in the present study for piezoelectric composites with anisotropic constituents. The properties of the piezoelectric materials considered in the present work are given in Table 3 .
Comparison of the fundamental electromechanical properties predicted by the analytical model with an existing analytical model for piezoelectric composites with transversely isotropic constituents
The electro-elastic moduli predicted by the analytical model developed in the present study are compared to that of the asymptotic homogenization-based analytical model developed by Bravo-Castillero et al. (2001) , which provides explicit expressions for the electromechanical properties of 3-1 type piezoelectric fiber composites with transversely isotropic consituents. (The model developed by Bravo-Castillero et al. is applicable to fiber composites with a square distribution of fibers.) Two material systems, i.e., a ceramic-ceramic (Barium Titanate (matrix)-PZT-7A (fiber)) and a polymer-ceramic (PVDF (matrix)-PZT-7A (fiber)) were chosen for the analysis.
The two material systems were chosen to represent a range of material systems where the constituent phases have relatively similar electromechanical properties (i.e., Barium Titanate-PZT-7A) as well as systems where one phase is considerable stiffer than the other phase (i.e., PVDF-PZT-7A). Overall the electromechanical properties predicted by the analytical model developed in the present study compare well with those predicted by the model presented by Bravo-Castillero et al. (2001) (Fig. 6) for both the composite material systems. The largest difference between the Fig. 6 . The variation of the electromechanical properties of a (3-1) type piezoelectric composite with fibers aligned in the direction of poling with volume fraction predicted by the analytical model developed in the present study and the asymptotic homogenization-based model (AHM) ) in model Barium Titanate -PZT-7A and PVDF -PZT-7A systems.
Table 3
The room-temperature fundamental electromechanical properties of the piezoelectric materials, Barium Titanate, Barium Sodium Niobate, Lithium Niobate, and PVDF (single crystals) and PZT-7A (polycrystal), utilized in the analytical and finite-element models. The values for (C; e; j) are given in (Pa; C=m 2 ; C=Vm), respectively (Jaffe and Berlincourt, 1965; Warner et al., 1969; Warner et al., 1967; Wang et al., 1993 predicted properties from the two models was observed for the longitudinal stiffness constant C 33 in the PVDF-PZT-7A system and found to be about 17% at 50% fiber volume fraction. The elastic properties in the ''transverse'' direction C 11 and C 22 show only a 3% difference at 50% fiber volume fraction.
Comparison of the fundamental electromechanical properties predicted by the analytical model and the finite element model
While prior studies have been successful in estimating the overall properties of composites with transversely isotropic particle and matrix phases, the model developed in the present study can predict the components of the effective moduli for any anisotropic periodic piezoelectric composite. For e.g., Dunn and Taya (1993b) and Mikata (2000) ) have presented models that give explicit solutions for the components of equivalent Eshelby tensor for transversely isotropic phases but do not give closed-form solutions for anisotropic inclusions. Also their works specifically dealt with single inclusions in infinite media, which is the equivalent Eshelby problem for piezoelectric materials. An external scheme (in their case the Mori-Tanaka mean field approach) has to then be applied to the solution for a single inclusion to predict the effective properties across finite volume fractions. On the other hand, our analytical model (based on Suquet estimates (Michel et al., 1999) ) take into account the distribution of the particle in the matrix phase and give solutions for effective moduli at finite volume fractions as well. That the analytical model developed in the present study yields accurate predictions for all the effective electromechanical constants for a periodic piezoelectric composite is demonstrated in the following sections. However, we note that this model does not take into account any interactions between particles in adjacent unit cells and the accuracy of the model predictions at the percolation limit has not been assessed. Fig. 7 presents a comparison of the elastic constants predicted by the analytical model and the finite element model developed in the present study and their variation with volume fraction of porosity for a model anisotropic piezoelectric system (i.e., barium sodium niobate single crystal which exhibits mm2 crystal symmetry). It is evident that the analytical model works well in predicting all the independent constants with the difference between the analytical model predictions and the finite-element model predictions being less than 4% for all constants. This demonstrates the utility of the analytical model developed in the present study where even a linear approximation for the stress and electric field polarizations yields fairly accurate results for predicting the elastic properties of the piezoelectric composite.
A comparison between the overall piezoelectric and dielectric constants obtained from the analytical and finite-element model is presented in Fig. 8 . Here again it is observed that the there is very good agreement between the predictions given by the two models. As expected, the piezoelectric constants (e 15 ; e 24 ; e 31 and e 32 ) and the dielectric constants (j 11 ; j 22 , and j 33 ) show decreasing trends with increase in porosity volume fraction.
Comparison of the figures of merit predicted by the analytical model and the finite element model
To demonstrate the applicability of the current analytical model in predicting the properties of piezoelectric composite materials that belong to several crystal symmetry classes, the analytical model was invoked for three model piezoelectric single crystal material systems, each with spherical and cylindrical porosity. Subsequently, four figures of merit that are important for practical applications of porous piezoelectric materials were also identified for a range of porosity volume fractions. In general, all the four figures of merit are well-predicted by the analytical model and showed a high degree of correspondence when compared with the results of the finite-element model (with the maximum differences between the predictions of the analytical model and the final element model being less than 2%). Of particular interest to note are the values for the piezoelectric strain coefficient (d h ) and the hydrostatic figure of merit (d h Á g h ) for the case of piezoelectric materials with spherical porosity in all three materials (Fig. 9) . The steep increase in the values of these figures of merit with increasing porosity had been observed earlier by Iyer and Venkatesh (2011) and Iyer and Venkatesh (2010), making piezoelectric ceramics with spherical porosity useful for hydrophone sensing applications.
Conclusions
Several analytical models have been developed to predict the fundamental properties of select classes of piezoelectric composite materials such as those that exhibit transverse isotropy. Furthermore, finite element based numerical models have been developed to predict the electromechanical properties of piezoelectric composites with anisotropic constituents. However, an analytical model that provides explicit closed-form solutions to the most general problem of a piezoelectric composite with anisotropic particulate constituents is not yet available.
In the present study, an analytical framework, based on the homogenization methods developed by Michel et al. (1999) , has been developed to predict the effective properties of periodic anisotropic particulate composites. Expressions have been provided for the effective moduli tensors of n-phase composites based on the respective strain and electric field concentration tensors. Previous analytical models developed by Dunn and Taya (1993b) and Mikata (2001) provide closed-form expressions for the electromechanical properties of single inclusions in infinite transversely isotropic media. Hence, the analytical model presented in this study takes their work forward by examining the microstructure of the periodic composite and incorporating a scheme that results in the prediction of the overall electromechanical constants of piezoelectric composites for finite volume fractions. Furthermore, in the present study, no dependence on material symmetry is assumed when deriving the equivalent Eshelby tensors for the periodic composite.
By taking into account the shape and distribution of the inclusion and by invoking a simple numerical procedure, solutions for the electromechanical properties of a general anisotropic inclusion in an anisotropic matrix are obtained. While analytical expressions are provided for composites with spherical and cylindrical inclusions, numerical evaluation of integrals over the composite microstructure is required in order to obtain the expressions for a general ellipsoidal particle in a piezoelectric matrix. It can also be shown that the approximation that the polarization fields be piece-wise continuous yield Hashin-Shtrikman type bounds for the effective moduli tensors.
The predictions of the analytical model developed in the present study for the electroelastic moduli of piezoelectric composites demonstrate excellent agreement with the results obtained from three-dimensional finite-element models for several piezoelectric systems that exhibit varying degrees of elastic anisotropy.
However, the analytical model developed in this study has some limitations. The interactions between particles at high volume fractions are not taken into consideration. Furthermore, this model is not applicable to composites with a random distribution of particles in the matrix phase. Nevertheless, the theory is general in terms of predicting the overall electromechanical properties for periodic piezoelectric composites with n-phases and anisotropic fundamental property tensors. field A, a, B, b
The expressions for the average strain and electric field in the particle phase can be used to derive expressions for the effective elastic, piezoelectric, and dielectric tensors. Solving (37) where the tensors I and I s are the 2nd and 4th order identity tensors, respectively. The symmetric 4th-order identity tensor is defined in terms of the Kronecker delta as follows:
0 if i -j: ðA:10Þ
Appendix B. The microstructural tensors P, Q, R
In this appendix, explicit expressions for the components of the microstructural tensors P; Q ; R which characterize the three types of geometric configurations i.e., (a) periodic square distribution of long pores/fibers, (b) periodic cubic distribution of spheres, and (c) hexagonal distribution of long pores/fibers, have been given. 
B.1. Periodic square distribution

B.2. Periodic cubic distribution
For the periodic cubic distribution of spherical voids, the base vectors Y i (i ¼ 1; 2; 3) are given by Y 1 ¼ d e 1 ; Y 2 ¼ d e 2 ; Y 3 ¼ d e 3 . The expressions for P; Q ; R specializes to: 
